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1. Introduction

Although the so-called classical actuators (electromagnetic, hydraulic and pneumatic) are the most used in the industry,
new technologies based on different physical principles are being developed. In applications where the size of the actuator
has to be minimized, or where fast response and high resolution are needed, the classical actuators fail to respond
appropriately. For this reason, non-classical technologies are becoming more relevant. Among them, the piezoelectric
actuators [1-3] are proving to be a reliable solution for many engineering applications, ranging from micropositioning
(machine tools, optic devices or modern microscopes) to active control of structures.

The piezoelectric actuators are based on the known piezoelectric effect described in 1880 by Jacques and Pierre Curie
[4]: in certain materials with crystalline non-symmetrical structure, dipoles are formed when the material is deformed, i.e.
a mechanical strain produces an electrical field; reciprocally, the application of an electric field produces a strain. These
actuators show a fast reaction time, a high resolution, a high energy density and an easy miniaturization. However, the
piezoelectric actuators have some drawbacks: the reduced strain (<0.2%), the presence of nonlinearities and the high
voltage needed for optimal performance. In this paper, we focus on the nonlinear behavior of piezoelectric actuators by
taking into account the presence of hysteresis. In materials, the hysteresis is referred to the memory nature of inelastic
systems where the restoring force depends not only on the instantaneous deformation but also on the history of that
deformation.

To describe the behavior of hysteretic processes several mathematical models have been proposed [5]: the Duhem
model [6] uses the property that a hysteretic system’s output changes its character when the input changes direction; the
Ishlinskii hysteresis operator has been proposed as a model for plasticity—elasticity [7]; the Preisach model has been used
for the modeling of electromagnetic hysteresis [8]; the Bouc-Wen model has been used to model wood joints and
structural systems [9]. A survey of the mathematical models for hysteresis may be found in [10]. These models have been
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applied to describe the behavior of piezoelectric actuators: Prandtl-Ishlinskii in [11], Preisach in [12-15] and Bouc-Wen in
[16]. An energy based model has been employed in [17]. The Maxwell resistive-capacitor model has been used in a number
of studies [18-21] to model piezoceramic hysteresis for position and vibration control applications.

In this work we represent a piezoelectric actuator by the Bouc-Wen model for smooth hysteresis [22]. This model
consists in a first-order nonlinear state equation, and an output equation where the input and state signals appear linearly.
This model has received an increasing interest due to its ability to capture in an analytical form a range of shapes of
hysteretic cycles which match the behavior of a wide class of hysteretical systems [23]. In particular, it has been used to
model piezoelectric elements [16], magnetorheological dampers [24,25] and wood joints [9]. The models, derived from
experiments, have been used either to predict the behavior of the physical hysteretic element [24] or for control purposes
as in [26-29].

In this paper we consider the problem of micropositioning using a piezoelectric actuator. This problem has spurred
much interest in the current literature. A robust controller is employed in [26] to control a piezoelectric bimorph actuator
using the Bouc-Wen model. In [30] a piezoelectric actuator is modeled with neural networks and controlled with a variable
structure control system. In [31], the controller uses information of the charge instead of the voltage for the control of
position. This technique takes advantage of the reduced hysteresis between the displacement and the electrical charge, but
presents some difficulty for the measurement of the charge. Since the piezoelectric device is represented in this work using
the Bouc-Wen model, the results of [28] are used and improved for the control of the piezoelectric element. In [28], a
second-order mechanical system that includes a Bouc-Wen hysteresis is considered for control purposes. The control
objective is to guarantee the global boundedness of all the closed loop signals, and the regulation of both the displacement
and the velocity of the device to zero. This objective is achieved using a simple PID controller. However, the main drawback
of this controller is that the equilibrium point of the closed loop system is not robust vis-a-vis perturbations which is
undesirable in practice. The main contributions of this paper are the following:

e We present a new control law which is a time-varying PID that guarantees that the equilibrium point of the closed loop
is robust to perturbations.
e This control law is tested in numerical simulations and experimentally using a piezoelectricactuator.

The main advantage of the proposed control law over other existing control schemes is that it is simple to implement in an
industrial context.

2. Background results
2.1. PID control of a Bouc-Wen hysteresis

We consider the second-order mechanical system described by
mx(t) + cx(t) + @(x)(t) = u(t) (M

with initial conditions x(0), x(0) and excited by a control input force u(t). The output restoring force ¢ is assumed to be
described by the normalized Bouc—Wen model [32]:

DX)(t) = KxX(t) + cwwW(t) (2)

W(t) = p(X(t) — gIX(O)] WO w(D) + (6 — DO WD) (3)

with an initial condition w(0). The parametersn > 1, p>0, 0 > 1 xx>0, kw>0, m>0 and ¢ > 0 are unknown. The range of
the parameters corresponds to the Class I Bouc-Wen model which is stable, asymptotically dissipative and
thermodynamically consistent [32]. The displacement x(t) and velocity x(t) are available through measurements, but the
signal w(t) is not. Let y.(t) be a (known) smooth and bounded reference signal whose (known) smooth and bounded
derivatives are such that lim¢_, o y;(t) = lim¢_, o0 Y1(£) = lim¢_, o0 ¥, () = limHooy?)(t) = 0 exponentially. This means that
there exist some constants a>0 and b> 0 such that Iy(rl)(t)\ <ae Pt fort>0andi=0,1,2,3.

The control objective is to globally asymptotically regulate the displacement x(t) and velocity x(t) to the reference
signals y,(t) and y,(t)preserving the global boundedness of all the closed loop signals; that is x(t), x(t), w(t) and u(t).

We assume the following:

Assumption 1. The unknown parameters lie in known intervals. That is we have m € [Mpy,, Mmax] with mpy;, >0,
€ € [0, cmax], Kx € (0, Kxpaxls Kw € (0, Kwpakl, 0 € [%,O'max]v p € (0, ppaxl-

Note that the unknown structure parameter n > 1 is not required to lie in a known interval.
The problem of controlling the system (1)-(3) has been treated in [28], where it is demonstrated that a PID control
insures that the displacement and velocity errors tend to zero. Introduce the variables:

t
X1(6) = X(O) — Y0, %(6) = X(6) — y,(O),  Xo(t) = /0 xi(1)dt (4)
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and choose as a control law the PID controller:

u(t) = —koXo(t) — k1x1(t) — koxo() (5)
where the k;’s are design parameters. Then we have [28]

Theorem 1. Consider the closed loop formed by system (1)-(3) and the control law (5). Define the following constants:

k2 = \/[]zmmax(o'maxpmax’CWmax + KXmax + k]) (6)

min

_ (Cmax + k2)3

2
Min

€1

K o
(k5 — k5 )
max

€y =

Kooy = min<m,—e1 + e + e2> (7)
Mmax

and choose the design gains kg, ky and k, in the following way: take any positive value for kq; then choose k, such that
ko >k2min: finally take 0<kq <kg,.... In this case we have the following:

(1) All the closed loop signals xq, X1, X, W and the control u are globally bounded.
(2) lim¢_ oo x(t) = 0 and lim¢_, o, X(t) = 0.

2.2. Forced limit cycle description of a Bouc-Wen hysteresis

In this section, we consider the system composed only of the two equations (2) and (3) where the input is x(t) and the
output is @(x)(t). We consider in this section that the displacement signal is periodic so that the output ®(x)(t) is also
asymptotically periodic [32]. The objective of this section is to characterize analytically the asymptotic limit cycle.

2.2.1. Class of inputs

In this section, we consider that the input signal x(t) is wave T-periodic [32]. This means that it is continuous on the
time interval [0, +o0) and periodic of period T> 0. Furthermore there exists a scalar 0<T* <T such that the signal x is C! on
both intervals (0,T") and (T*, T) with X(t) = dx(z)/dt >0 for 7 € (0,T*") and x(t) <0 for 7 € (T*, T). We denote X,;, = x(0)
and Xmax = X(T™)> X, the minimal and maximal values of the input signal, respectively (see Fig. 1). Periodic sine and
triangular signals are also wave periodic.

2.2.2. Analytic description
The Bouc-Wen limit cycle is described using the following functions that are useful for solving analytically the
differential equation (3):

(8)

- )_/“ du
Ponli T Jo 1+ou™lu+ (- Dt

Input signal x

|
|
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|
|
|
|
[
|
|
|
i T - \ N
0 T* T mT mI+TY (m+1) T
Time

Fig. 1. Example of a T-wave periodic signal.
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H du
+ — 9
Ot = | Ty o T )
(Po',n(.u) = (f);,n(,u) + (Pg,n(/‘) (10)

for any scalar u € (—1,1). It has been shown in [32] that the functions ¢ ,(-), @& a() and (g n(-) are strictly increasing on
the interval (-1, 1) so that they are bijective. Their inverses are denoted by v/ (), '//;,n(') and y; ,(-), respectively. The limit
cycle for the Bouc—Wen model is described by the following [32]:

Theorem 2. Let x(t) be a wave T-periodic input signal. Define the functions wm and Fy, for any positive integer m as follows:
om(t) =w(@mT + 1) for t €[0,T] (11)

Pm(T) = KxX(T) + Kwwm(t) for T €[0,T] (12)

Then the sequence of functions {¢p}m>1 (resp. {wm}m=1) converges uniformly on the interval [0, T] to a continuous function @
(resp. w) defined as

D(T) = KxX(T) + KwW(t) for T € [0,T] (13)
W(T) = ;n((p;,n[_lpo',n(p(xmax - Xmin))] + P(X(‘C) - Xmin)) fOT‘ Te [0> T+] (14)
W(T) = —Y & n(@F [~V 5 n(PKXmax — Xmin))] — PX(T) — Xmax)) for T e [TT,T] (15)

Furthermore we have for all T € [0,T]
—1< =Yg p(PKmax — Xmin)) < W(T) < Y5 n(PXmax — Xmin)) <1
the lower and upper bounds of W(t) being attained at T = 0 and © = T™, respectively.

This result means that the output restoring force goes asymptotically to a periodic function. The transient behavior is
captured by Egs. (11) and (12) while the steady-state is captured by Egs. (13)-(15). The loading part of the limit cycle is
described by Eqs. (13) and (14), while the unloading part is described by Eqgs. (13) and (15). Loosely speaking, the functions
@ and w denote the steady-state responses of the functions @ and w, respectively.

3. Experimental platform
3.1. Experimental layout

The system under study is the patch of Fig. 2 which is a piezoelectric actuator that contains the foil PIC-255 (Physik
Instrumente). The piezoelectric actuator uses the d3; mode and it is seen as a SISO system whose input is the voltage u
applied to the 3 axis and the output is the displacement y along the 1 axis.

The actuator can be used in a number of applications ranging from active control of structures to micropositioning and
optics applications. For the sake of completeness, we give the physical characteristics of the patch. The piezoelectric
ceramic used is a PI (Physik Instrumente) PIC-255. The material shows a ds; piezoelectric coefficient of
~180 x 10~ 12 mV~!, dielectric permittivity 1,/ of 1800, elastic constant s, of 16.1 x 10712m?N~!, density of
7.80gcm~3 and Curie temperature of 350 °C. The piezoelectric foil shows a weight of 2.34 g and dimensions of 50 mm x
30mm x 0.2 mm and the entire patch a weight of 3.405g and dimensions of 60 mm x 35 mm x 0.5 mm. The piezoelectric
actuator lays in a low friction surface where it is clamped in one extreme and left free in the other in order to allow its free
movement.

The experiments have been undertaken with the platform sketched in Fig. 3. The control is performed by a DSP!
controller. The actuator is driven by means of a power amplifier whose working voltage is set by the DSP controller. The
amplifiercan work with voltages between —450 and 450V with a maximum current of 100 mA.

The displacement of the free edge of the piezoelectric actuator is measured using a laser triangulator Micro-Epsilon
optoNCDT 1607 with range 500 pum, bandwidth 10kHz and resolution 0.1 pm. The data have been acquired with a four
channel Yokogawa DL9000 (bandwidth 500 MHz). All the quantities have been sampled so that at least 25 000 samples are
provided for each plot.

3.2. System modeling
The system model is given by [26]

m'X(t) + CX(t) + KaX(t) = 1K P(U)(t) (16)

! DSP stands for digital signal processor.
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Fig. 2. Controlled piezoelectric actuator.
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Fig. 3. Block diagram of the platform.

where kg and k;, are elastic constants, m’ and ¢’ are the equivalent mass and damping coefficient of the piezoelectric
actuator, x(t) its relative position with respect to the sensor, and kj,®(u)(t) is the force produced by the actuator. The term
@(u)(t) is assumed to follow a Bouc-Wen equation so that the actuator may be represented by

m'yt) + cy(t) + kKa(Y(t) — Yg) = KpKxU(t) + Kpky,W(t) 17)

W(t) = p(i(t) — aly(O] w©)" W) + (@ — DIOWO") (18)

where k7, and k; are constant gains. The nonlinear term w(t) takes into account the effect of hysteresis.
Defining

m c Ka Ky
=7, C=—7—%, Kx=—77, =
KaKy KaKy Kbkx
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it can be seen that the actuator follows Egs. (1)-(3). This model is valid only for low frequencies (well below the resonance
of the actuator), as an important mismatch has been observed experimentally for high frequencies.

3.3. Control objective

The control objective is to insure the boundedness of all the closed loop signals, along with the regulation of the
displacement and velocity of the piezoelectric actuator to zero. Furthermore, in steady-state, the control output has to have
a unique value so that the closed loop system has a unique equilibrium point.

4. Parameter identification

The system under consideration is described by Eqs. (1)-(3) in which the system parameters m, ¢ along with the
Bouc-Wen model parameters kx, kw, P, ¢, n are unknown. The objective of this section is to determine these parameters
using the measurements of the relative displacement x(t) and the voltage input u(t). Since we are dealing with a model
valid only for low frequencies, the terms mX and cx can be neglected in Eq. (1) so that the actuator model can be
approximated by Egs. (2) and (3).

The problem of identifying the parameters of the Bouc-Wen model (2)-(3) has been treated in Ref. [33]. The technique
presented in this reference consists in choosing for u(t) a periodic signal with a loading-unloading shape (that is a wave
periodic signal [32]). This implies that x(t) is also wave periodic so that a limit cycle (x, u) is obtained asymptotically. The
experimentally obtained limit cycle is then used to determine the unknown Bouc-Wen model parameters.

The identified parameters are given in Fig. 4. It can be seen that these parameters are almost constant in the frequency
range [0, 100 Hz]. The parameter values are shown in Table 1.

For higher values of the frequency, the Bouc-Wen model parameters are highly frequency dependent.

Model (2)-(3) is tuned with the parameters obtained in Table 1 (column 4), and the initial condition is calculated
fromEq. (2) as
u(0) — kxx(0)

kw

To check the validity of this model, it is excited with a random signal whose frequency content lies in the interval
[0,100Hz]. Fig. 5 gives the responses of both the model and the actuator. A reasonable match is observed.

w(0) = (20)

5. Control laws

This section introduces three control laws for the piezoelectric device, which are based on the linear controller of
Section 2. These controllers are tested by means of numerical simulations.

5.1. PID control

In this section we consider the closed loop formed by system (1)-(3) along with the control law (5). The closed loop is
then described by the equations:

X0 =X (21)

%1 =% (22)

Xy = m N (=(c + k)X — (iKx + k1)Xq — koXg — KwW — My, — Yy — KxYy) (23)
W= pxy +r — Tl + Yyl W W+ (0 = Dy + Ip)iwl™) (24)

where w is time dependent. In order to determine the PID constants kg, k1 and k,, we need to have known bounds on the
unknown parameters (Assumption 1). The identification process of Section 4 gives these bounds for the Bouc-Wen model
parameters Kx, Kw, P, 0, n. Section 3.1 gives information on the rest of the system parameters. We use the following
bounds:

o Mypip =398 x1073Vs2m~!
e Mmax = 6.63 x 1073 Vs2m~!
e Cmax = 13.43Vsm™!

o kymax = 10.8 x 105 vm~1

e Omax = 0.9212

e Pmax = 9.510 x 104 m~!

o kymax = 48.74V
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Fig. 4. Identified parameters

for different input frequencies.

389

Theorem 1. The first design parameter to be chosen

is ky =5 x 10° so that we get ko min = 567.6. We choose k, = 580 so that we obtain kgmax = 1.16 x 10°. Finally we

take ko = 1 x 10°.



390 0. Gomis-Bellmunt et al. / Journal of Sound and Vibration 326 (2009) 383-399

Table 1

Identified parameters.

Parameter Smallest value Largest value Mean value Unit
n 1.16 1.192 1.176 -

a 0.9094 0.9212 0.9153 -

P 7.632 x 10% 9.5 x 10* 8.566 x 10% m~!
kw 39.97 48.74 43.57 \%

Ky 9.83 x 10° 10.8 x 10° 10.35 x 108 Vm-!

Voltage [V]

Displacement [m]
»

450

0 0.05 01
Time [s]

Real value
Fitered Value
= = = Model Output

25

Time [s]

Fig. 5. Model response to a random input function.
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Fig. 6 gives the behavior of the closed loop signals with m =53 x1073Vs2m~! and c¢=13Vsm~!. The initial
conditions are xy(0) = 0ms, x(0) = 20 x 10~ %m, X2(0) = 0.2ms~! and w(0) = 0. For the reference signal, we choose y; as
the output of the second-order linear system w3 /(s? + 2&wgs + wd) with & = 0.7, wg = 27 x 500rads~! and zero input;
that is, the linear system is driven only by the nonzero initial conditions y,(0) = x(0) and y,(0) = %(0). It can be seen that the
outputs x; and x, are regulated to zero. Note that, although the control signal uis zero for negative times, its asymptotic
value is different from zero. This fact can be explained as follows. Taking y, = 0 in Eqgs. (23) and (24), it can be seen
that the four states system (21)-(24) has an infinite number of equilibrium points. These equilibria are defined by
{x1 = 0,x5 = 0, kgxg(c0) = Kww(co) = u(c0)}. It is not necessary that xg(co) = 0 so that the control value may be nonzero
asymptotically (see Fig. 6). In practice, this behavior is undesirable as it implies that the actuator applies a control action at
equilibrium, which means an unnecessary loss of energy. Another inconvenient of this behavior is the modification of the
equilibrium point of the system.

5.2. PID plus a sinusoidal component

The previous section has pointed out to the possible modification of the equilibrium point of the system under the
action of a PID controller. Since this behavior is not acceptable in practice, a modification of the controller is proposed in
this section to reduce this effect. The reason for having a control which is not zero asymptotically is that u(co) = Kww(co)
where w(oo) is not necessarily zero. To solve this problem, the idea would be to force the hysteretic term to go to zero
asymptotically, inducing the control to go to zero. Consider that system (1)-(3) is in open loop and choose for u(t)
a wave periodic input signal (see Section 2.2.1). Numerical simulations show that the obtained displacement signal x(t) is
also wave periodic. On the other hand, we know from Theorem 2 that, if the signal x(t) is wave periodic, then
the hysteretic output w(-) is also wave periodic and that it belongs asymptotically to the interval
(=¥ 6 n(PXmax — Xmin))> Ven(PXmax — Xmin))]- On the other hand, it can be shown that, for fixed values of the parameters
o and n, the function y, ,(u) is increasing with its argument p. This implies that the interval [—/;,(0(Xmax —
Xmin))> ¥ 6.n(P(Xmax — Xmin))] can be made as small as desired if the quantity Xmax — Xpin can be reduced arbitrarily.
Numerical simulations suggest that if the amplitude of the wave periodic voltage input u(t) is decreased, then the
amplitude of the corresponding displacement signal is also decreased.

These remarks suggest the following control law for system (1)-(3)

u(t) = —koxg(t) — k1x1(t) — koxo(t) — Asin(2mnft) (25)

where A and f are positive design constants, and kg, k1, k, are computed using Theorem 1. The closed loop behavior is given
in Figs. 7 and 8 with the values of kg, k1, k, that have been determined in the previous section, and for different values of
the parameters A and f. The initial states are x3(0) = 0ms, x1(0) = 20 x 10~ %m, X2(0)=0.2ms~! and w(0) = 0. The
reference signal is chosen as in Section 5.1.

As noticed before, the steady-state response of the closed loop is periodic, and it can be seen that the amplitude of the
closed loop signals x(t), x(t) and u(t) decreases as A decreases. The amplitude of the steady-state closed loop signals is
independent of the frequency f. This frequency influences the settling time: the transient response of the system has a
shorter duration for higher frequencies f.

As a conclusion, adding a term A sin(27ft) to the PID controller makes the closed loop set point oscillating around zero.
The amplitude of the oscillations can be made as small as desired by reducing the design parameter A.

5.3. PID plus a sinusoidal component with a time-varying amplitude

The previous section has studied the behavior of a PID plus a sinusoidal component in the control law. It has been
noticed that the set point of the closed loop steady-state systems oscillates around zero. As oscillations are also undesirable
in practice, the control law has to be modified in order to eliminate them. Notice that the amplitude of the oscillations
decreases with the amplitude of the sinusoidal component of the control law. This fact suggests to use for this component a
time-varying amplitude that tends to decrease as the control law goes to zero. Since u(co) = kgxg(oo) for the PID case, we
choose as control law the expression:

u(t) = —kgxo(t) — k1x1(t) — koxo(t) — kaxq(t) sin(27ft) (26)

where k4 is a constant gain. The system states boundedness using the proposed controller can be demonstrated by means
of time-varying linear systems theory [34].

This control law has been tested using numerical simulations. The initial conditions are xp(0)=0ms,
x1(0) = 20 x 10-%m, X5(0) = 0.2ms~! and w(0) = 0. The reference signal is chosen as in Section 5.1.

The frequency f is taken to be 100 Hz as this value makes the settling time shorter without harming the overall response
(see the previous section). Three values of k, are chosen to study the effect of this parameter. The results of the closed loop
simulations are given in Fig. 9. It can be seen that the closed loop signals x; and x, converge to zero and that larger values
of k4 lead to a shorter settling time. Furthermore, the control value is the same before and after the perturbation so that the
equilibrium point of the closed loop remains unchanged.
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Fig. 6. Closed loop signals relative to the control law of Section 5.1.

6. Experimental results

In this section, we apply the control laws of Sections 5.1-5.3 to the piezoelectric element of Section 3.1. The numerical
simulations conducted in the previous sections consisted in starting the system with nonzero initial conditions and seeing
how the closed loop behaves. In our experimental platform, we first close the loop (that is we apply the control law) with a
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Fig. 7. Closed loop signals relative the control law of Section 5.2. The figures in the right are a zoom in the indicated region of the figures in the left.

set point for the control around 200V. Then we open the loop during 10 ms in which the control is forced to have a constant
value of 72 V. Then we closed the loop again. This time instant in which the loop is closed again corresponds to t = 0 in the
previous numerical simulations. In this section, we take y, = 0. The position of the piezoelectric element is measured
directly so that the state x is equal to the measured position. The state X is obtained by approximating the exact integral
by a sum of rectangles. The state x, is obtained using an Euler approximation.
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Fig. 8. Closed loop signals relative the control law of Section 5.2. The figures in the right are a zoom in the indicated region of the figures in the left.

6.1. PID control

The controller of Section 5.1 is applied to the piezoelectric element. The PID constants are the same as in Section 5.1. The
closed loop signals are given in Fig. 10. As observed in the numerical simulations, the position error and the velocity go
asymptotically to zero, but the final value of controller output differs from its initial value. This means that the equilibrium
point of the closed loop system is not robust to perturbations.
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Fig. 9. Closed loop signals applying the control law introduced in Section 5.3 with f = 100Hz and different k4 values.

6.2. PID plus a sinusoidal component

The controller of Section 5.2 is applied to the piezoelectric element. We choose A = 15V and f = 10 Hz. The constants k,
ki and k, are the same as before. The closed loop signals are given in Fig. 11. Similar to what happens in numerical
simulations, the closed loop system oscillates around zero.
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6.3. PID plus a sinusoidal component with a time-varying amplitude

The controller of Section 5.3 is applied to the piezoelectric element. We choose ky = 1.5 x 10° and f = 100Hz. The
constants kg, k; and k, are the same as before. The closed loop signals are given in Fig. 12. It can be seen that the
equilibrium point of the closed loop system is the same before and after the perturbation.
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This paper has presented a new control law for a piezoelectric actuator. The main challenge for the control design is the
presence of hysteresis. The actuator has been represented using the Bouc-Wen model for hysteresis, and the model
parameters have been identified. A nice agreement has been observed between the behavior of the piezoelectric actuator
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Fig. 12. Closed loop signal with the controller of Section 5.3.

and the obtained model. Then, three control laws have been tested both numerically and experimentally for the position
regulation of the piezoelectric device. It has been observed that a PID with a time-varying component insures that the
displacement and velocity of the actuator go to zero asymptotically, while maintaining the same equilibrium point for the
closed loop system. The tracking problem for the micropositioning of the device and the developing of a model of
the piezoelectric actuator for high frequencies are under investigation.
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